We start the study of reduced complex projective plane curves, whose Jacobian syzygy module has 3 generators. Among these curves one finds the nearly free curves introduced by the authors, and the plus-one generated line arrangements introduced recently by Takuro Abe. Rational plane curves which are nearly cuspidal, i.e. which have only cusps except one singularity with two branches, are also related to these classes of curves.
We call these degrees the exponents of the curve C and r 1 , ..., r m a minimal set of generators for the module AR(f ). Note that d 1 = mdr(f ) is the minimal degree of a non trivial Jacobian relation in AR(f ).
The curve C is free when m = 2, since then AR(f ) is a free module of rank 2, see for such curves [4, 8, 12, 22, 23, 24] . In this note we consider the next simplest possibility for this resolution, namely we start the study of the 3-syzygy curves. Example 1.1. Here are two classes of 3-syzygy curves which are already intensely studied. (i) The nearly free curves, introduced in [13] and studied in [3, 4, 8, 9, 18] correspond to the 3-syzygy curves satisfying d 3 = d 2 and d 1 + d 2 = d.
(ii) The plus-one generated line arrangements of level d 3 , introduced by Takuro Abe in [2] , corresponds to 3-syzygy line arrangements satisfying d 1 + d 2 = d. A 3-syzygy curve will be called a plus-one generated curve if it satisfies d 1 + d 2 = d. In fact, in Theorem 2.5 we show that the condition d 1 + d 2 = d characterizes the plus-one generated curves among all the reduced plane curves. Both nearly free curves and the plus-one generated curves satisfy
(iii) The 3-syzygy curve C : f = 0, where f = x 10 + (x 2 + y 2 ) 3 z 3 y + z 10 = 0 has exponents (7, 9, 9) determined using a computer algebra software, e.g. SINGU-LAR [5] , and hence 2d 1 > d in this case. See also (iv) below, Example 4.1 (v) and Our interest in the free and nearly free curves comes mainly from the following. Conjecture 1.2. A reduced plane curve C : f = 0 which is rational cuspidal is either free, or nearly free.
This conjecture is known to hold when the degree of C is even, as well as in many other cases, in particular for all odd degrees d ≤ 33, see [9, 13, 14] . We call an irreducible plane curve, having only cusps (i.e. unibranch singularities), except for one singular point which has two branches, a nearly cuspidal curve. The simplest example of such a curve is a nodal cubic, for instance C : f = xyz + x 3 + y 3 = 0, for which the module AR(f ) is minimally generated by four syzygies, all of degree 2. Other examples of rational, nearly cuspidal curves of odd degree which are 4-syzygy curves are given below in Remark 3. 10 .
The following is one of our main results, obtained by combining Theorem 3.9 and Theorem 5.4 below. Theorem 1.3. Let C be a plane, rational, nearly cuspidal curve of even degree d ≥ 2. Then C is a free curve, or a nearly free curve or a plus-one generated curve.
Examples of plus-one generated curves of this type can be found in Example 4.1 (i), (ii) and (iii), and in Example 4.4. On the other hand, examples of rational nearly cuspidal curves which are free can be found in [19] .
In the second section we start with some basic facts on 3-syzygy curves, namely the formulas for the main invariants of f expressed in terms of the exponents (d 1 , d 2 , d 3 ) given in Proposition 2.1. This leads to a characterization of plus-one generated curves among all plane curves in Theorem 2.5.
In the third section we prove that C is a 3-sygyzy curve if and only if the associated Bourbaki ideal B(C, r 1 ), which is always a locally complete intersection, is in fact a global complete intersection, see Proposition 3.1. This leads to a characterizations of plus-one generated curves among the 3-syzygy curves, see Proposition 3.3, as well as a characterization of 3-syzygy curves, see Corollary 3.4, both of them in terms of the total Tjurina number τ (C), which is the sum of the Tjurina numbers of the singular points of C.
Let I f denote the saturation of the ideal J f with respect to the maximal ideal m = (x, y, z) in S and consider the following local cohomology group, usually called the Jacobian module of f ,
. We set n(f ) k = dim N(f ) k for any integer k and also ν(C) = max j {n(f ) j }, as in [3, 9] . Note that C is free if and only if ν(C) = 0, and C is nearly free if and only if ν(C) = 1. In this note we show that ν(C) = 2 implies that C is a plus-one generated curve when d is even. When d = 2d ′ − 1 is odd, then C is either a plus-one generated curve, or C is a 4-syzygy curve with exponents d 1 = d 2 = d 3 = d 4 = d ′ , see Theorem 3.9. In Remark 3.10 we give several examples of such 4-syzygy curves, and we show that for a line arrangement A with ν(A) = 2, the numbers of k-multiple points for all k do not determine whether A is a plus-one generated arrangement or not.
Our interest in curves with ν(C) = 2 is motivated by the following. In Theorem 3.7 and Corollary 3.8 we describe the resolution of the Jacobian module N(f ) for a 3-syzygy curve, and respectively the Hilbert function of N(f ) for a plusone generated curve, in particular we show that ν(C) = d 3 − d 2 + 1, which may be arbitrarily large. Theorem 3.9 says that this type of Hilbert function occurs exactly for plus-one generated curves. Hassanzadeh and Simis result in [17, Proposition 1.3] plays a key role in these proofs.
In the fourth section we give various examples of plus-one generated curves and 3syzygy curves: irreducible curves of low degree in Example 4.1, curves obtained from a smooth curve plus a secant line in Example 4.3, and an infinite series of plus-one generated irreducible curves in Example 4.4. Example 4.2 shows that the invariant ν(C) can be arbitrarily large for a plus-one generated curve.
In the final section we give some upper bounds for the degrees of a minimal set of generators for the module AR(f ), in terms of genera of the irreducible components of C : f = 0. We also prove Conjecture 1.4 in Theorem 5.4 when the degree d of C is even, or d = p k with p prime, or when d is odd and some extra topological condition is satisfied by the singularities of C. Since this topological condition is hard to check in practice, we describe other situations where Conjecture 1.4 holds in Theorem 5.5, Theorem 5.6 and Corollary 5.7, covering in particular all the odd degrees d ≤ 33.
Results involving the exponents
With the above notation, for C : f = 0 a 3-syzygy curve, the resolution (1.1) becomes 
Since one has m(f ) k = τ (C), the total Tjurina number of the curve C, for all large k, it follows that the polynomial in k given by the alternated sum in (2.2) must be a constant. This implies our first result.
. Then the following hold.
.
Here ct(f ) is the coincidence threshold of f , st(f ) is the stability threshold of f , reg(f ) is the Castelnuovo-Mumford regularity of the Milnor algebra M(f ), and τ (C) is the total Tjurina number of C, see for instance [8, 10, 12, 13] for the corresponding definitions. Note that d 1 + d 2 ≤ d − 1 implies that C is a free curve, see [24] .
Suppose C : f = 0 is a 3-syzygy curve of degree d ≥ 3 with a minimal set of generators r 1 , r 2 , r 3 for AR(f ) and exponents (d 1 , d 2 , d 3 ). Then the syzygies among r 1 , r 2 , r 3 are generated by a unique relation
where h i are homogeneous polynomials in S, with deg h i = d j + d k − d + 1 ≥ 1 for any permutation (i, j, k) of (1, 2, 3). Moreover, one has g.c.d.(h i , h j ) = 1 for any i = j.
In particular h i = 0 for all i = 1, 2, 3.
The last claim is related to the notion of strictly plus-one generated line arrangements, see [2, Definition 1.1 and Proposition 5.1]. See also Remark 3.2 below for more information on h 2 and h 3 .
Proof. The resolution (2.1) and the formula for e in Proposition 2.1 give the first claim. To prove the remaining ones, suppose i = 1, j = 2 and that the irreducible homogeneous polynomial c is a common factor of h 1 and h 2 , with deg c > 0. Then there are two possibilities. The first one is that c divides h 3 as well. Then we can simplify in R by c and get a new relation
, of strictly lower degree than R, a contradiction. If c does not divide h 3 , then it must divide all the components (a 3 , b 3 , c 3 ) of r 3 . Dividing by c these components, we get a new relation
This shows that r 3 is already in the submodule spanned by r 1 and r 2 , a contradiction. The other cases can be treated similarly. [6] . It follows that one has
In particular, for a plus-one generated curve we have d 3 ≤ 2d − 4. We do not know if the equality d 3 = 2d − 4 is possible, in fact we do not know the answer to the following. We give next a characterization of plus-one generated curves among all the reduced plane curves. Consider the general form of the minimal resolution for the Milnor algebra M(f ) of a curve C : f = 0 that is assumed to be not free, namely
for j = 1, ..., m − 2 and some integers ǫ j ≥ 1. Using the same approach as for the proof of Proposition 2.1, namely that one must have m(f ) k = τ (C) for all large k, or even better using [17, Formula (13) ], it follows that one has (2.5)
This formula implies the following.
Theorem 2.5. Let C : f = 0 be a reduced plane curve of degree d and let d 1 and d 2 be the minimal degrees of a minimal system of generators for the module of Jacobian syzygies AR(f ) as above. Then the following hold.
(1) The curve C is free if and only if d 1 + d 2 = d − 1.
(2) The curve C is plus-one generated if and only if
Proof. The claim (1) is well known, see for instance [24] , and it is included only to point out the perfect analogy of the class of free curves and the class of plusone generated curves. The second claim follows from the formula (2.5) and the inequalities ǫ j ≥ 1.
Results involving the Bourbaki ideal and the Jacobian module N(f )
We recall now the construction of the Bourbaki ideal B(C, r 1 ) associated to a degree d reduced curve C : f = 0 and to a minimal degree non-zero syzygy r 1 ∈ AR(f ), see [16] . For any choice of the syzygy r 1 with minimal degree d 1 , we have a morphism of graded S-modules
For any homogeneous syzygy r = (a, b, c) ∈ AR(f ) m , consider the determinant ∆(r) = det M(r) of the 3 × 3 matrix M(r) which has as first row x, y, z, as second row a 1 , b 1 , c 1 and as third row a, b, c. Then it turns out that ∆(r) is divisible by f , see [8] , and we define thus a new morphism of graded S-modules
. It is known that the ideal B(C, r 1 ), when C is not a free curve, defines a 0-dimensional subscheme in P 2 , which is locally a complete intersection, see [16, Theorem 5.1].
Proposition 3.1. With the above notation, C : f = 0 is a 3-syzygy curve if and only if the corresponding Bourbaki ideal B(C, r 1 ), for some minimal degree syzygy r 1 , is a complete intersection. More precisely, r 1 , r 2 , r 3 ∈ AR(f ) form a minimal system of generators for AR(f ) if and only if g 2 = v(r 2 ) and g 3 = v(r 3 ) generate the ideal B(C, r 1 ).
Proof. The proof follows from the exact sequence
Let C : f = 0 be a 3-syzygy curve as above. Consider the determinant ∆(R) = det M(R) of the 3 × 3 matrix M(R) which has as first row x, y, z, as second row the components of r 1 , namely a 1 , b 1 , c 1 , and as third row the components of R, the combination of r 1 , r 2 and r 3 considered in Corollary 2.2. Then R = 0 implies that ∆(R) = 0. On the other hand, expanding this determinant with respect to the third row, we get
Since the ideal (g 2 , g 3 ) defines a 0-dimensional complete intersection in P 2 , it follows that g 2 and g 3 have no common factor. We conclude that
. Then the total Tjurina number τ (C) is given by the formula
In particular, a 3-syzygy curve
and equality holds if and only if C is a plus one generated curve.
Proof. A direct computation using the formula for τ (C) given in Proposition 2.1 or the equality
Corollary 3.4. Let C : f = 0 be a reduced curve of degree d ≥ 3 and let r j for j = 1, ..., m be a minimal system of homogeneous generators for AR(f ) such that d 1 ≤ · · · ≤ d m , where d j = deg r j . Assume that m ≥ 3, i.e. the curve C is not free, and that g k = v(r k ) for k = 2, 3 define a complete intersection ideal B ′ (C, r 1 ) in S. Then
and equality holds if and only if C is a 3-syzygy curve.
, and this yields the claimed inequality. On the other hand, the equality deg
Remark 3.5. With the above notation, the ideal B ′ (C, r 1 ) = (g 2 , g 3 ) is a complete intersection for many curves, see Example 4.3. However, there are curves for which the ideal B ′ (C, r 1 ) is a not a complete intersection. For instance, the curve C : f = 0, with f = (x 2 + y 2 ) 3 − 4x 2 y 2 z 2 = 0, has 4 syzygies of degrees 3,4,4,4 as a minimal set of generators for AR(f ), namely
r 4 = (4xy 2 z, 0, 3x 4 + 6x 2 y 2 + 3y 4 − 4y 2 z 2 ). It follows that g 2 = v(r 2 ) = −3yz, g 3 = v(r 3 ) = 3xz and g 4 = 3xy. Hence in this case the polynomials g 2 and g 3 are divisible by z. However, if one replces r 3 by
, and hence g 2 and g ′ 3 have no common factor. Note that for this curve C one has τ (C) = 16 and ν(C) = 3, and the minimal resolution for M(f ) has the form
The curve C has 3 singularities: two simple cusps A 2 located at (1 : ±i : 0), and a singularity with Milnor number 13 and two branches located at (0 : 0 : 1). It follows that C has genus 1.
If we consider the rational curve C ′ : f ′ = (x 2 + y 2 ) 6 − 3(x 11 + y 11 )z = 0, then a computation by SINGULAR shows that AR(f ′ ) has a minimal set of generators consisting of 4 syzygies, of degrees 6,7,8 and 10 respectively and too complicated to write down, and the corresponding polynomials g 2 and g 3 are divisible by z again. These two curves C and C ′ show that curves with d 1 + d 2 = d + 1 can be rather complicated, unlike the plus-one curves corresponding to d 1 + d 2 = d.
It was shown in [11, Corollary 4.3 ] that the graded S-module N(f ) satisfies a Lefschetz type property with respect to multiplication by generic linear forms. This implies in particular the inequalities
where T = 3d − 6 = end(M(f )) in the notation from [17] . We have the following result, which generalizes the fact that ν(C) = 1 and ct(f ) + st(f ) = T + 2 for a nearly free curve C : f = 0.
Then
In particular, one has ct(f ) + st(f ) = T + ν(C) + 1.
Proof. Use [9, Theorem 1.2], and Proposition 2.1 and Proposition 3.3 above.
We also consider the invariant σ(C) = min{j : n(f ) j = 0} = indeg(N(f )),
in the notation from [17] . The self duality of the graded S-module N(f ), see [17, 21, 25] , implies that (i) The minimal free resolution of N(f ) as a graded S-module has the form
, where the leftmost map is the same as in the resolution (2.1). In particular,
(ii) If d 1 ≥ 2, then the resolution of S/I f is given by
Then one has the following minimal free resolution of N(f ) as a graded S-module.
In particular, σ(C) = k 3 and the Hilbert function of N(f ) is given by the following formulas.
(1) n(f ) k = 0 for k < k 3 , and k 3 < T /2.
Note that the dimensions n(f ) k for k > T /2 can be determined from this result using the equality (3.5). When C : f = 0 is a nearly free curve, the numbers n(f ) k can be given by the above formulas as well, but we have to take k 3 = k 2 ≤ T /2, in other words we have only the cases (1) and (3). Theorem 3.9. Let C : f = 0 be a reduced, non-free plane curve of degree d such that the Hilbert function of the Jacobian module N(f ) has the form described in Corollary 3.8, namely suppose that there are integers 0 < k 3 
Then C is a plus-one generated curve. Moreover, a reduced plane curve C of degree d such that ν(C) = 2 is one of the following.
(i) a plus-one generated curve;
(ii) a 4-syzygy curve with exponents d 1 = d 2 = d 3 = d 4 , degree d = 2d 1 − 1 and total Tjurina number τ (C) = 3d 2 1 − 6d 1 + 1. When d = 3, then C is a nodal cubic.
Proof. We assume that C is not a plus-one generated curve, which in view of Theorem 2.5 means exactly that d 1 + d 2 > d. We prove that this inequality implies that the Hilbert function of the Jacobian module N(f ) has not the form described in Corollary 3.8 and that ν(C) ≥ 3, unless C is as in (ii) above. Using the notation from the resolution (2.3), we assume first that m = 3, i.e. C is a 3-syzygy curve. Consider the resolution of N(f ) given in Theorem 3.7 (i) and take the graded pieces of degree s = σ(C)
It follows that n(f ) s = 3, and hence our claims are proved in this case.
Assume now that m > 3 and consider the resolution of N(f ) obtained from the resolution (2.3) by applying [17, Proposition 1.3], namely the resolution
with the notation from (2.4). Note that min(2(d−1)−d j ) = 2(d−1)−d m > σ(C), and hence using the component of degree σ(C) of the above resolution, we conclude that 
Using the formula for τ (C) in terms of such a resolution, see for instance [15, Lemma 2.2 (4)], we get the following
Using the formula (3.8), this gives τ (C) = 3d 2 1 − 6d 1 + 1.
We suppose from now on that t = 1 and hence e m−3 < e m−2 . To fix the ideas, suppose that e m−3 = e m−2 − a, for an integer a > 0. It follows that, for s = σ(C) + 1 as above, we have dim F 0,s ≥ 3, with equality when a > 1. Hence, in order to get n(f ) s ≤ 2, we need F 1,s = 0, which implies ǫ m−2 = 1. Then the equality e m−3 = e m−2 − a implies d m−1 ≤ d m − a. The homogeneous component of degree
and hence the Hilbert function of the Jacobian module N(f ) has not the form described in Corollary 3.8 and also ν(C) ≥ 3. is studied in [16, Example 6.3] . The irreducible curve C ′′′ 9 : f ′′′ 9 = z(x 2 + y 2 + xy) 4 + x 9 + y 9 = 0 is a 4-sygygy curve as in Theorem 3.9 (ii) with d 1 = 5. The curves C ′′ 5 and C ′′′ 9 are both rational, nearly cuspidal curves: the only singularity is located at (0 : 0 : 1) and has two branches. Note also that there are curves C of even degree with ν(C) = 3 which are 4-syzygy curves, as shown by the first curve in Remark 3.5.
Corollary 3.11. Let C : f = 0 be a reduced plane curve of degree d ≥ 3. Then the fact that C is a plus-one generated curve, and in the affirmative case, the corresponding exponents (d 1 , d 2 , d 3 ) , are determined by the degree d and the Hilbert function of the Jacobian module N(f ).
Examples of 3-syzygy curves and plus one generated curves
First we look at some low degree, irreducible 3-syzygy curves and plus one generated curves. (i) The curve C : f = (y 2 − xz) 2 + y 2 z 2 + z 4 = 0 has a unique singularity of type A 5 located at p = (1 : 0 : 0), and it is a plus one generated curve with exponents (d 1 , d 2 , d 3 ) = (2, 2, 3). One has δ(C, p) = 3, hence C is a rational curve with a point p having r(C, p) = 2 branches.
(ii) The curve C : f = (x 2 + y 2 ) 2 − 4xy 2 z = 0, called a double folium, has a unique singularity of type D 5 located at p = (0 : 0 : 1), and C is a plus-one generated curve with exponents (d 1 , d 2 , d 3 ) = (2, 2, 3). One has again δ(C, p) = 3, hence C is again a rational curve with a point p having r(C, p) = 2 branches.
(iii) The curve C : f = (x 2 + y 2 − 2xz) 2 − (x 2 + y 2 )z 2 = 0, called a limaçon, has 3 singularities, one of type A 1 located at p 1 = (0 : 0 : 1), and two of type A 2 , located at (1 : ±i : 0). The curve C is a plus one generated curve with exponents (d 1 , d 2 , d 3 ) = (2, 2, 3). One has again δ(C, p) = 3, hence C is again a rational curve with a point p 1 having r(C, p 1 ) = 2 branches.
(iv) The curve C : f = x 5 − y 2 z 3 − xz 4 = 0, called a Bolza curve, has a unique singularity of type E 8 located at p = (0 : 1 : 0), and C is a 3-syzygy curve with exponents (d 1 , d 2 , d 3 ) = (2, 4, 4). One has δ(C, p) = 4, hence C is cuspidal curve of genus g = 2.
(v) The curve C : f = x 6 + y 6 − x 2 z 4 = 0, called a Butterfly curve, has a unique singularity of type A 5 located at p = (0 : 0 : 1), and C is a 3-syzygy curve with exponents (d 1 , d 2 , d 3 ) = (4, 5, 5). One has δ(C, p) = 3, hence C is a curve of genus g = 7, with a point p having r(C, p) = 2 branches. 
It can be shown that C has the exponents (d ′ , d ′ + 1, 2d ′ ) for any d ′ ≥ 3, hence we have a plus-one generated curve with ν(C) = d 3 − d 2 + 1 = d ′ arbitrarily large. Indeed, the corresponding generators for AR(f ) are the following.
Next we present two infinite series of 3-syzygy curves, each having 2 irreducible components: a line and a smooth curve. (i) Consider first the case f ′ = x d−1 + y d−1 + z d−1 . Then L is transverse to C ′ , C has d − 1 simple nodes as singularities and hence τ (C) = d − 1. The module is generated by 3 syzygies, namely
Hence the inequality in Remark 2.3 is an equality for this curve. The ideal B ′ (C, r 1 ) coincides with the ideal (f ′ y , f ′ z ) and hence it is a complete intersection. In conclusion C is a 3-syzygy curve for any d ≥ 3, and a plus one generated curve for d = 3.
(ii) Consider now the case f ′ = x d−1 + xy d−2 + z d−1 . Then L meets C ′ only at the point p = (0 : 1 : 0), where C has an A 2d−3 singularity, and hence τ (C) = 2d − 3. The module is generated by 3 syzygies, namely
In fact, for d = 3, the last syzygy is a consequence of the first two, and we get a free curve. For d = 4 we get a plus one generated curve, and for any d > 4 we get a 3-syzygy curve.
(iii) Finally we consider the case f ′ = x 4 + xy 3 + xz 3 + y 2 z 2 . Then L is a simple bitangent, and hence C has two singularities A 3 , which give τ (C) = 6. A computation using Singular shows that AR(f ) has 4 minimal generators of degrees d 1 = 3, d 2 = d 3 = d 4 = 4, namely r 1 = (0, −2y 2 z − 3xz 2 , 3xy 2 + 2yz 2 ),
, r 3 = (−3x 2 y 2 − 2xyz 2 , 5x 4 + 2xy 3 + y 2 z 2 + 2xz 3 , 0), and r 4 = (−6xy 2 z − 9x 2 z 2 , 4y 3 z + 6xyz 2 , 15x 4 − y 2 z 2 + 6xz 3 ). Hence this curve C is not a 3-syzygy curve. The corresponding ideal B ′ (C, r 1 ) is the complete intersection (g 2 , g 3 ) = (y 3 − z 3 , 3xy + 2z 2 ) and the inequality in Corollary 3.4 is in this case τ (C) = 6 > 4.
Finally we present an infinite series of plus one generated irreducible curves.
Example 4.4. Consider the irreducible curve C : f = 0 with d = 2k + 1 odd, k ≥ 2, given by f = x d + (x 2 + y 2 ) k z = 0. Then the exponents are (2, d − 2, d − 1), hence we have a plus-one generated curve. The generating syzygies can be described as follows. Note that
The first syzygy r 1 of degree d 1 = 2 is easy to find, namely
The last syzygy r 3 of degree d − 1 can be taken to be the Koszul syzygy
The second syzygy r 2 of degree d − 2 = 2k − 1 is more complicated to describe. We consider first the case k ≥ 3 odd, and set
where a = 2kz(x 2 + y 2 ) k−1 and b = (2k + 1)y 2k−1 . Then we have
Since k is odd, we have With this notation, the syzygy r 2 is given by
When k is even, one can do essentially the same trick, starting with A = af x − bf y . To prove that these 3 syzygies generate AR(f ), one can use Proposition 3.1 above. The formula in Proposition 2.1 implies
This curve is clearly rational, and it has only one singular point, at p = (0 : 0 : 1), with Milnor number µ(C, p) = d 2 −3d+1 and delta invariant δ(C, p) = (d−1)(d−2)/2. It follows that the germ (C, p) has r(C, p) = 2δ(C, p) − µ(C, p) + 1 = 2 branches, each of multiplicity k. Using [9, Theorem 1.2], it follows that
More precisely, one has σ(C) = 3(d − 1) − (2d − 1) = d − 2 and n(f ) d−1 = 2 using the resolution in Theorem 3.7 (i). It follows that n(f ) k = 0 for k / ∈ [d − 2, 4d − 4], n(f ) d−2 = n(f ) 2d−4 = 1 and n(f ) k = 2 for d − 1 ≤ k ≤ 2d − 5.
Various bounds on the exponents and the relation to nearly cuspidal rational curves
Let U = P 2 \ C be the complement of C and assume that the curve C has k irreducible components C i , for i = 1, ..., k. Let g(C i ) denote the genus of the normalization of C i . Then a key result of U. Walther in [26, Theorem 4.3] , combined with [1, Theorem 2.7] yields the following inequality.
Theorem 5.1. For any reduced plane curve C : f = 0, one has
In particular, this inequality gives for j = 1, the following
Here F f is the Milnor fiber of f , that is the smooth affine surface in C 3 given by f (x, y, z) = 1, F denotes the Hodge filtration on the cohomology group H 2 (F f , C), and H 2 (F f , C) λ is the Milnor monodromy eigenspace corresponding to the eigenvalue λ. It is known that one has H k (F f , C) 1 = H k (U, C) for any k, see for instance [7, Chapter 7] for more details on all these objects. Note that this inequality is sharp even in the class of plus-one irreducible rational curves, as shown by Example 4.4.
Proof. We have seen in the proof of Theorem 3.9 that one has the formula (3.7), namely
Theorem 5.1 implies that d − 3 < σ(C), which yields our claim since ǫ m−2 ≥ 1.
Let C : f = 0 be a 3-syzygy curve of degree d ≥ 3 with exponents (d 1 , d 2 , d 3 ) . Then the following hold.
(1) If all the irreducible components C i of C are rational and C is not a plus-one curve, then d 3 ≤ d − 2.
(2) If C is a plus-one curve such that d 3 ≥ d, then
In view of Question 2.4, we do not know if the situation in the claim (2) above may occur.
Proof. For a 3-syzygy curve we have two formulas for σ(C), namely the one in Theorem 3.7 and the one in formula (3.7). The equality 1) . If C is not a plus-one curve, then d 1 + d 2 > d and hence ǫ 1 ≥ 2. This yields the claim (1) as in the proof above.
To prove the second claim, note that 1) , and the second claim follows applying Theorem 5.1.
Theorem 5.4. Let C : f = 0 be a rational, nearly cuspidal curve of degree d in P 2 . Assume that one of the following holds.
(1) d is even;
(2) d is odd and for any singularity x of C, the order of any eigenvalue λ x of the local monodromy operator h x is not d. Then ν(C) ≤ 2. In particular, C is a free curve when ν(C) = 0, a nearly free curve when ν(C) = 1, and a plus-one generated curve when ν(C) = 2 and d is even.
Proof. Note that a rational nearly cuspidal curve C is homotopically equivalent to a sphere S 2 with an interval I = [0, 1] attached at its extremities. It follows that the Euler characteristic of C is given by E(C) = E(S 2 ) + E(I) − E(2 points ) = 2 + 1 − 2 = 1.
Then E(U) = E(P 2 ) − E(C) = 3 − 1 = 2 and exactly the same proof as in [13, Theorem 3.1] shows that ν(C) ≤ 2 by using Theorem 5.1 above. Then we conclude using our Theorem 3.9.
The fact that C is rational is essential for Theorem 5.4, as the curve in Remark 3.5 shows. Finally we consider in more details the case of rational, nearly cuspidal curve of degree d odd.
Theorem 5.5. Let C : f = 0 be a rational, nearly cuspidal curve of odd degree d = 2d ′ + 1. Then mdr(f ) = d 1 ≤ d ′ + 1 and the following hold.
(1) If mdr(f ) = d 1 = d ′ , then C is a free curve, a nearly free curve, or a plus-one generated curve with ν(C) = 2; (2) If mdr(f ) = d 1 = d ′ + 1, then C is a 4-syzygy curve as described in Theorem 3.9 (ii). In particular, when mdr(f ) = d 1 ∈ [d ′ , d ′ + 1], then ν(C) ≤ 2.
Proof. The proof given for [14, Theorem 1.1] applies with no modification.
Consider now the prime decomposition of d, namely (5.1) d = p k 1 1 · p k 2 2 · · · p km m , where p i = p j for any i = j. We assume also that m ≥ 2, the case m = 1 being settled in Theorem 5.4 (3). By changing the order of the p j 's if necessary, we can and do assume that p k 1 1 > p k j j , for any 2 ≤ j ≤ m. Set e 1 = d/p k 1 1 . Theorem 5.6. Let C : f = 0 be a rational, nearly cuspidal plane curve of degree d = 2d ′ + 1, an odd number as in (5.1). Then, if
then ν(C) ≤ 2. In particular, if d = 3p k , with p > 3 a prime number, then C is a free curve, a nearly free curve or a plus-one generated curve with ν(C) = 2.
Proof. Exactly the same proof as for [14, Proposition 3.3] implies that n(f ) j ≤ 2 for j ≥ 2d − 3 − r 0 . Our assumption implies r = mdr(f ) < d/2, and hence, using [9, Theorem 1.2] we get τ (C) = τ (d, r) − ν(C), where τ (d, r) = (d − 1) 2 − r(d − 1 − r). For any r < d/2, we also have τ (C) = τ (d, r) − n(f ) 2d−r−3 , see the proof of [14, Proposition 3.4] . Note that r ≤ r 0 implies 2d−r−3 ≥ 2d−r 0 −3, and hence ν(C) = n(f ) 2d−r−3 ≤ 2. When d = 3p k and p > 3, we set p k = 2p ′ + 1. With this notation, we have e 1 = d/p k = 3, d = 3(2p ′ + 1) = 2(3p ′ + 1) + 1, and hence d ′ = 3p ′ + 1. Due to Theorem 5.5, we can assume r = mdr(f ) < d ′ . Since r 0 = (d − 3)/2 = 3p ′ = d ′ − 1 the final claim in Theorem 5.6 is proved.
Corollary 5.7. Let C : f = 0 be a rational, nearly cuspidal plane curve of degree d. Then Conjecture 1.4 holds in any of the following cases.
(1) The degree d is even;
(2) The degree d is at must 33.
The last claim follows since all the odd numbers d ≤ 33 are either powers of primes, or of the form 3p k , with p > 3 prime. 
